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We consider a set of solutions for a massless quartic scalar field, recently devised, that satisfy
a massive dispersion relation. We show that such solutions have the property to give the correct
behavior for the equation of state of the dark energy. It seen that conformal invariance is restored
and the mass gap goes to zero on a time scale determined by the Hubble constant and the strength
of the self-interaction of the scalar field. When conformal invariance is restored, the equation of
state for the dark energy can apply.
INTRODUCTION
One of the more striking results in cosmology, recently
acquired, is that the universe expansion is accelerating.
This effect can be described by adding a cosmological
term to the Einstein equations [1–3]. One of the ways
one generally uses to understand this effect is by a scalar
field pervading all the universe termed “quintessence”.
There is not a general way to give the exact equation for
the self-interaction term of this field and so, there are
also formulations that just avoid it.
After the recent discovery of the Higgs particle at the
LHC [4, 5], it would be really an interesting matter if the
same mechanism would be at work for yielding masses
and accelerating the universe. But the current Higgs
model is unsatisfactory for such an application.
Recently, we devised a new set of solutions for a mass-
less quartic scalar field [6] that describes a field with a
massive dispersion relation. Such solutions are proven
to be the starting point for a quantum field theory in
the strong coupling limit [7]. This theory, having a mass
gap and so a non trivial vacuum expectation value at the
leading order, can be used to describe mass generation in
a different way with respect to the Higgs mechanism.
In this letter we aim to study the behavior of these
solutions at the classical level as a quintessence field. We
will show that the behavior is that expected for the dark
energy. Indeed, the equation of state shows a negative
pressure and the density of energy has the proper order
of magnitude one expects for the cosmological term.
EXACT SOLUTIONS
The equation for the quintessence field Q has the gen-
eral form
Q¨+ 3HQ˙+ V ′(Q) = 0 (1)
where H is the Hubble constant and V (Q) the potential
with the prime meaning a derivative with respect to Q
and the dot is the derivative with respect to time. For a
general scalar field on a flat space-time it is possible that
a mass gap develops. Indeed, let us consider the case of
a quartic scalar field as
∂2φ+ λφ3 = 0 (2)
being λ the coupling. An exact set of solutions is yielded
by [6, 7]
φ(x) = µ
(
2
λ
)
sn(p · x+ θ,−1) (3)
with µ and θ two integration constants and sn a Jacobi
elliptic function, provided that the following dispersion
relation holds
p2 = µ2
√
λ
2
(4)
that appears to be that of a massive field. The corre-
sponding quantum field theory, with such a field pervad-
ing all the space-time, maintains the mass gap and adds a
harmonic oscillator spectrum on the free particles. This
theory has a trivial infrared fixed point [7]. We are going
to show that such solutions have the property to behave
as a quintessence field with the equation of state proper
to the cosmological term in the Einstein equations.
Our technique will be based on the fact that the ratio
H/m0, being m0 = µ(λ/2)
1
4 is greatly lesser than unity
and so, it can be used as a development parameter. Then,
we firstly exploit the behavior of the theory at the leading
order.
PARTITION FUNCTION
It is possible to evaluate the partition function for the
scalar field at the infrared fixed point. We can use the
set of classical solutions described in the preceding sec-
tion. So, let us suppose to have such classical solutions
φc(x) and study the generating functional around them
taking φ(x) = φc(x)+δφ(x), being δφ(x) the fluctuations
around the classical value. We will give these solutions
explicitly below taking into account the periodicity con-
dition φ(x, 0) = φ(x, β). Now, by a direct substitution
one gets
Z = Ne−S0[φc]
∫
[dδφ]e−S1[δφ] (5)
2being
S0 =
∫ β
0
dτ
∫
d3x
[
1
2
(
∂φc
∂τ
)2
+
1
2
(∇φc)2 + λ
4
φ4c
]
S1 =
∫ β
0
dτ
∫
d3x
[
1
2
(
∂δφ
∂τ
)2
+
1
2
(∇δφ)2 + 3
2
λφ2c(δφ)
2
]
.(6)
We have turned back to a Gaussian integral that we are
able to solve as we know the propagator of the linear
equation for the fluctuations. Anyhow, we just evalu-
ate the leading contribution. We assume a finite volume
V = LxLyLz and the Matsubara frequencies changed to
ωkτ = 4kτK(−1)/β, being K(−1) the complete elliptic
integral of the first kind, while for the other momenta in
a box we have pl = 4kτK(−1)/Ll with l = x, y, z. The
exact classical solutions φc(x) we are working with can
be written down as in eq.(3) with θ = 0, with the dis-
persion relation (4) provided to hold. Then, the leading
order contribution to the partition function is, ignoring
an irrelevant constant,
Z = Tr
(
exp
[
−βV µ
2
2
√
2
λ
(
p20 +
1
3
p
2
)])
(7)
where the remaining trace is on all the momenta. in prin-
ciple, we have to sum on all nk but we take the continuum
limit and write down
Z0 = βV
∫
d4p
(2π)4
exp
[
−βV µ
2
2
√
2
λ
(
p20 +
1
3
p
2
)]
(8)
and finally
Z0 =
3
3
2
8π2
λ
µ4
T
V
(9)
from which we can derive the equation of state as
P = T
∂
∂V
lnZ0 = −T
V
(10)
that is negative representing the pressure of the vacuum
at temperature T at the infrared fixed point. Corre-
spondingly, the energy is given by
U = − ∂
∂β
lnZ0 = T (11)
and is positive. From these results is clear that we are
coping with an ensemble of free particles as one should
expect from the trivial infrared fixed point of this theory.
But what is more interesting here is the behavior of the
pressure for these solutions that appears to be negative.
Then, we will use such a behavior of the scalar field at
low energies to analyze it as a model for dark energy.
This is so because we can rewrite the equation of state
as
p = −〈E〉
V
= wρ (12)
with ρ the energy density and w = −1 as expected for
dark energy. For a temperature of about 2.7 K and the
estimated volume of the universe, this expression gives a
proper order of magnitude for the cosmological constant.
DARK ENERGY EQUATION OF STATE
Once such exact solutions are given, we can evaluate
the equation of state for dark energy. For this aim we
just consider the rest frame with
φ(t, 0) = µ
(
2
λ
)
sn(m0t+ θ,−1) (13)
We just note that the pressure is
p =
1
2
φ˙2 − λ
4
φ4 (14)
and the density is
ρ =
1
2
φ˙2 − λ
4
φ4. (15)
So,
w =
p
ρ
=
1
2 φ˙
2 − λ4φ4
1
2 φ˙
2 − λ4φ4
. (16)
This yields
w =
p
ρ
= 1− 2sn4(m0t+ θ,−1). (17)
This result shows that, if the mass gap goes to zero
and conformal invariance is restored, we get w = 1 −
2sn4(θ,−1). So, depending on the phase θ, we get back
the equation of state for the dark energy.
HUBBLE CONSTANT
So far we have worked with the approximation H = 0.
This approximation holds provided the mass gap is much
larger than the Hubble constant, that is µ(λ/2)
1
4 ≫ H .
We can consider a perturbation series having this ratio as
a development parameter. Our aim here is to compute
the next to leading order correction. The equation to
solve is
φ¨+ λφ3 = −3Hφ˙ (18)
being H the Hubble constant. We rescale time using the
mass gap as τ = m0t with m0 = µ(λ/2)
1
4 . Similarly we
put φˆ = φ/m0. We arrive at the equation
¨ˆ
φ+ λφˆ3 = −3ǫ ˙ˆφ (19)
3being ǫ = H/m0 our development parameter for the per-
turbation series. Taking φˆ = φˆ0 + ǫφˆ1 + ǫ
2φˆ2 + . . . one
has
¨ˆ
φ0 + λφˆ
3
0 = 0
¨ˆ
φ1 + 3λφˆ
2
0φˆ1 = −3 ˙ˆφ0
¨ˆ
φ2 + 3λφˆ
2
0φˆ2 = −3φˆ0φˆ21 − 3 ˙ˆφ1
.... (20)
So, the next to leading order solution takes the form,
after undoing rescaling,
φ1 = −Hm0tsn(m0t,−1)−H
2
m20t
2cn(m0t,−1)dn(m0t,−1).
(21)
This correction has secular contribution running as poly-
nomials to infinity at increasing time. This secularities
can be removed using a renormalization group techniques
as devised in [8]. To do this, we rewrite the approximate
solution at a generic initial time t0 and reintroduce the
phase at θ(t0). We will have
φ(t, t0) = µ(t0)
(
2
λ
) 1
4
sn(m0t+ θ(t0),−1)
−ǫm20(t− t0)sn(m0t+ θ(t0),−1)
− ǫ
2
m30(t− t0)2cn(m0t+ θ(t0),−1)dn(m0t+ θ(t0),−1)
+O(ǫ2) (22)
and calculate the envelope deriving with respect to t0.
One has
dφ
dt0
∣∣∣∣
t0=t
= 0 (23)
and so (ǫ = H/m0)
dµ¯
dt
= −H
√
λ
2
µ¯+O(ǫ2)
dθ
dt
= O(ǫ2). (24)
This yields a time-dependent mass shift as µ¯(t) =
µe−H
√
λ
2
t at the next to leading order. This is to de-
cay with time and so, the mass gap will go to zero as
time increases. Physically this means that the conformal
invariance of the scalar field will be restore on time scale
determined by the Hubble constant and the strength of
the self-interaction. In turn, this implies that, on the
given time-scale, one recovers the equation of state of
dark energy.
CONCLUSIONS
We have shown that mass generation can be strictly
connected to a quintessence field producing dark energy
of the universe. This effect is due to the mass gap arising
from the self-interaction of the scalar field. The mass
gap is seen to go to zero on a time scale determined by
the product H
√
λ
2 and so, the Hubble constant can be
responsible for the restoration of the conformal invariance
and the dark energy we observe today.
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